Abstract: The main objective of this work is to study the relationship between passivity and existence of UIO in the nonlinear case. This work is motivated by two facts: On the one side by the well-known relationship between passivity and robustness in control theory. On the other side the equivalence previously found by one of the authors in the linear (square) case between three concepts: existence of Unknown Input Observers (UIO), existence of a state feedback that renders the system strictly passive (SFSP), and existence of an output injection that makes the system strictly passive (OISP). We will restrict ourselves to the global study of square nonlinear systems (the number of unknown inputs is equal to the number of outputs), and assume that the system has only unknown inputs that enter linearly in the state equation. These assumptions simplify the analysis but none is essential. We will show that in the nonlinear case, under some regularity assumptions, the existence of UIO implies SFSP and OISP. But the converse is not valid in general. This means that in general existence of UIO is a stronger property than passificability, in contrast to the situation in the linear case.
INTRODUCTION
Unknown Input Observers (UIO) are able to estimate the state of the system despite of the action of completely unknown input perturbations, i.e. they are robust against unknown inputs. They are very important in the fault detection and identification area, for the design of robust observers and in the control of decentralized systems. For linear (time invariant) systems the existence conditions for UIO are very well-known (Hautus, 1983) and different design methodologies have been proposed (Chu, 2000; Hou and Müller, 1992; Hou and Müller, 1994) . In the nonlinear case these conditions are not very well established, but there are some recent works aiming at characterizing existence conditions for UIO in the nonlinear case (Moreno, 2000a; Moreno, 2000b) . In these works necessary and sufficient existence conditions are found, and a design methodology has been proposed.
The passivity concept (and its more general version of dissipativity) has played a central role in the robust control literature: because of the passivity theorem an strictly passive system remains passive despite of an arbitrary passive feedback perturbation (Khalil, 1996; Sepulchre et al., 1997; van der Schaft, 2000) . This fact has been widely used in control theory to design robust control strategies for linear and nonlinear systems (Byrnes et al., 1991; Jiang and Hill, 1998; Marino and Tomei, 1995; Ortega et al., 1997; Sepulchre et al., 1997) . Since UIO are robust to arbitrary signals one may wonder if there is a relationship between the passivity (or dissipativity) concept and the existence of UIO. For the linear time invariant case it has been shown in (Moreno, 2001) that there is indeed a very strong relationship. For square systems (with the same number of outputs and inputs) there exist an UIO if and only if the system is feedback (strictly) passive, considered as a map from the unknown inputs to the outputs, i.e. if there exists a state feedback that renders the original system strictly passive. For nonsquare systems the right concept is dissipativity, but the relationship is maintained: there exist an UIO if and only if the system is feedback (strictly) dissipative in some special sense.
The main objective of this work is to study the question, if the same relationship between passivity and existence of UIOs is valid also in the nonlinear case. To the best of our knowledge this is the first time such a relationship has been studied. We will restrict ourselves to the study of square regular systems (the number of unknown inputs is equal to the number of outputs), since for them the passivity concept is well-suited. We will also consider that the system has only unknown inputs, and that they enter linearly into the state equation. Moreover, we will deal with the global case. These assumptions simplify the analysis but none is essential. A similar discussion was done in (Moreno and Rocha-Cózatl, 2000) for SISO systems.
In the linear (square) case (Moreno, 2001) has shown the equivalence between three concepts: existence of UIO, existence of a state feedback that renders the system strictly passive (SFSP), and the existence of an output injection that makes the system strictly passive (OISP). Output injection is a natural structure of observers. However, this last concept has not been very well studied in the literature as a way of passification. OISP has just been introduced in (Rocha-Cózatl and Moreno, 2001 ) and it was included in this analysis in order to find out any useful relationship between this way of passification and a structurally close related concept as UIO.
We will show that in the nonlinear case, under some regularity assumptions, the existence of UIO implies SFSP and OISP. But the converse is not valid in general. This means that in general existence of UIOs is a stronger property than passificability .
The rest of the paper is organised as follows: In section 2 some preliminary results and definitions are introduced. In particular the basic results about passivity, passification, and UIO are reviewed. Section 3 presents the main results, i.e. the relationship between existence of UIO, SFSP and OISP. The linear time invariant case will be presented first as an introduction to the nonlinear one. Some concluding remarks in section 4 close the paper.
PRELIMINARIES
Consider the nonlinear MIMO (square) systeṁ
where x ∈ R n is the state vector, u ∈ R m is the unknown input vector, y ∈ R m is the output vector of the system, and
Let f (x) and the m columns of G (x) be smooth vector fields, and the elements of H (x) be smooth functions for x ∈ R n . Suppose that (1) has an equilibrium point at the origin, i.e. f (0) = 0, and H (0) = 0. The set of admissible inputs is assumed to be all locally square integrable functions L 2e , and that the outputs are also in L 2e . In the rest of the paper it will be assumed that system (1) satisfy the following conditions: (Isidori, 1995; Marino and Tomei, 1995) .
Assumption 2. The vector fields
where 1 ≤ i ≤ m, are complete.
From (Marino and Tomei, 1995) we have Lemma 1. Suppose that system (1) satisfies assumptions 1 and 2. Then there exists a global diffeomorphism (y, z) = Φ(x) that transforms system (1) to the normal forṁ
where z ∈ R n−m and b (z, y) is invertible for all y ∈ R m and all z ∈ R n−m .
If system (1) can be transformed to its normal form (3) then equatioṅ
corresponds to the zero dynamics of system (1). In this paper we shall sometimes denote q (z, 0) by f * (z) and express
where p (z, y) is a smooth function.
Unknown Input Observers
The usual theory of observers deals with the problem of designing an state estimator of system (1) using information from input u (t) and output y (t) of the system. However, when u (t) is not measurable an Unknown Input Observer (UIO) will estimate the state from the output:
Definition 2. (Moreno, 2000a; Moreno, 2000b) Consider a finite dimensional nonlinear dynamic system which has y as input andx as outpuṫ
where ω ∈ D ω ⊂ R m is the state vector, ϕ and χ are sufficiently smooth functions defined
as the solution of (6) corresponding to the function y and passing through ω 0 at t = 0. System (6) is called an Unknown Input Observer (UIO) of system (1) on a subset W ⊂ D x ⊂ R n if three conditions are satisfied:
O1 Systems (1) and (6) have unique and global solutions for all positive time, for each initial condition
and for every u (·) in the class L 2e , such that the trajectories stay in the defined regions; O2 There exists ω 0 , such that if
for all t ≥ 0 and u, where
Formal conditions under which the existence of this kind of observers can be assured are of special interest. The following Lemma gives these conditions.
Lemma 3. (Moreno, 2000a; Moreno, 2000b) Assume that system (1) satisfies assumptions 1 and 2. Assume also that the trajectories of system (1) stay in a compact set. Then there exists an Unknown Input Observer (UIO) for (1) if and only if the invariant manifold ε = 0 of systeṁ
with z (0) = z 0 and ε (0) = ε 0 , is asymptotically stable for all y(t), all ε 0 ∈ R n−m and all z 0 ∈ R n−m , uniformly in y(t), ε 0 and z 0 , and where q (z, y) is defined in its normal form (3), i.e.
where σ (·) is a class KL function.
Passivity
Definition 4. (Byrnes et al., 1991) A system (1) is called C r -passive , r ≥ 0 , if there exists a C rnonnegative function V (x), with V (0) = 0 such that for all u ∈ L 2e , all t ≥ 0 and all solutions
with S (x) positive semidefinite or zero. If S (x) is positive definite then the system is said to be C r -strictly passive.
If, in addition, V (x) is positive-definite and proper, it's easy to conclude that a (strictly) passive system with u (t) ≡ 0 has x = 0 as a globally (respectively, and asymptotically) stable equilibrium point. We have the following nonlinear version of the Kalman-Yakubovich-Popov (KYP) lemma.
Lemma 5. (Byrnes et al., 1991; Fradkov and Hill, 1998) System (1) is called C r -(strictly) passive, r ≥ 1 , if and only if there exists a C r nonnegative function V (x), with V (0) = 0, and a null (respectively, class K ) function α 1 (·), such that for all u ∈ L 2e , all t ≥ 0 and all solution of (1) the following relations hold
In this paper we are interested in two ways of rendering a system passive: by a state feedback and by output injection.
Definition 6. (Byrnes et al., 1991; Fradkov and Hill, 1998) 
with β (x) invertible, such that the closed loop system (1), (11) is C r -(strictly) passive; taking v as the input and y as the output.
Definition 7. System (1) is called C r -globally output injection (strictly) passive (C r -OIP ) if there exists S (·), a smooth function, for which S (0) = 0, and a T : R n → R m×m , smooth and regular ∀x ∈ R n , such that the systeṁ
is C r -(strictly) passive, for all x ∈ R n ; taking u as the input andỹ as the output.
Minimum phaseness
Definition 8. (Byrnes et al., 1991) System (3) is called globally minimum phase if z = 0 is a globally and asymptotically stable equilibrium point of the zero dynamics. It is called globally weakly minimum phase if there exists a C 2 -smooth function V 0 (z), defined for all z with V 0 (0) = 0, which is positive definite and proper, such that
for all z ∈ R n−m , i.e., z = 0 is a globally stable equilibrium point of the zero dynamics.
The following result links minimum phaseness with SFSP systems and will be used in the next section.
Lemma 9. (Byrnes et al., 1991; Sepulchre et al., 1997; van der Schaft, 2000) Assume that system (1) satisfies assumptions 1 and 2. Then system (1) is C r -SFSP, r ≥ 1, if and only if it is minimum phase.
RELATIONSHIP BETWEEN UIO, SFSP AND OISP
In this section we present the main result of the paper: the relationships between Unknown Input Observers (UIO), State Feedback Strict Passivity (SFSP) and Output Injection Strict Passivity (OISP) for linear and nonlinear systems.
Consider a LTI multivariable square systeṁ
Theorem 10. (Moreno, 2001 ) For system (14) the following propositions are equivalent:
(1) It has an Unknown Input Observer (UIO).
The previous result in the linear case imposes the question if the strong relationship is valid for more general nonlinear systems. We will show that for nonlinear systems the equivalence is not maintained, but that there is still a strong relationship between the three concepts. For systems that posses a global normal form (3), i.e. assumptions 1 and 2 are satisfied, if there exists an unknown input observer for a system then it can be rendered strictly passive by state feedback. Moreover, if a growth condition on the nonlinearities is fulfilled (condition 1), it can be rendered strictly passive by output injection. However, in general the converse relationships are not true.
For SISO nonlinear systems the relationship between existence of UIO and the possibility of rendering the system strictly passive by state feedback was clarified in (Moreno and RochaCózatl, 2000) . The introduction of the concept of passification by output injection and sufficient conditions to do it are given in (Rocha-Cózatl and Moreno, 2001) . One of such conditions is the following.
Define
where p (z, y) is obtained from (5) and V 0 (z) is the Lyapunov function for the equilibrium point z = 0 of the zero dynamics (4).
Condition 1.
There exist two nonnegative functions ψ 1 and ψ 2 such that for all (z, y)
The next theorem gives the result for nonlinear square systems.
Theorem 11. Assume that system (1) satisfies assumptions 1 and 2. If there exists an UIO for this system then it is C r -SFSP, r ≥ 1. Furthermore, if condition 1 is satisfied, then (1) is also C r -OISP, r ≥ 1.
PROOF. Without loss of generality, since system (1) has an equilibrium point at x = 0 and h (0) = 0, we can assume that the system in normal form (3) has an equilibrium point in (y, z) = 0, i.e., that q (0, 0) = 0. According to lemma 3 stability condition for the system (8) must be satisfied. Particularly, in case that y (t) = 0 and z 0 = 0 this condition implies that the equilibrium point ε = 0 of systeṁ
is asymptotically stable for all ε 0 ∈ R n−m . Since this system is the zero dynamics of (1) itself and thanks to the converse Lyapunov theorem for globally and asymptotically stable equilibrium points (Khalil, 1996) we can assure the existence of a Lyapunov function V 0 (z) that strictly satisfies the following condition
Thus system is minimum phase and, as a consequence of lemma 9, the system is C r -SFSP, r ≥ 1.
Since the system is minimum phase, if condition 1 is in addition satisfied then by theorem 9 of (Rocha-Cózatl and Moreno, 2001 ) it is C r -OISP, r ≥ 1.
This theorem shows that if a system can be transformed to a global normal form (assumptions 1 and 2) and posses an UIO then it is state feedback strictly passive (SFSP). Although the converse is also true for linear systems, it is not valid in general, as the following example demonstrates Example 12. Consider the system in normal form (3)ż
where z ∈ R 2 , and
Since the subsysteṁ z = Az has z = 0 as an exponentially stable equilibrium point, then system (17) is globally minimum phase. Therefore the system is SFSP according to lemma 9. However, the invariant manifold ε = 0 of systeṁ
is not asymptotically stable for every y(t) (take for example y constant, with y ≥ 1), and therefore, according to lemma 3, system (17) does not posses an UIO.
In other words, the class of nonlinear systems that has an UIO is a subclass of those which are state feedback strictly passive (SFSP) or output injection strictly passive (OISP). For systems with a global normal form this fact is related to the following one: condition (8) implies minimum phaseness, but the converse is not always true. Minimum phaseness is satisfied if subsystem ε in condition (8) is asymptotically stable only for y = 0, but for the existence of an UIO it is necessary that this subsystem be asymptotically stable for every y, a much stronger condition, in the general nonlinear case. In the linear case it comes out that both conditions are equivalent (and condition 1 is also satisfied). This asymmetry is also related to the fact that in passivity a special trajectory, the equilibrium point, plays a fundamental role, whereas for UIO no trajectory has such a central role.
Remark 1. Assumption 1 is almost necessary as well for state feedback passivity as for the existence of an UIO, as it has been discussed in (Byrnes et al., 1991) and in (Moreno, 2000a; Moreno, 2000b) , respectively. Although the assumptions can be weakened, the subsequent analysis becomes more complex.
Remark 2. In the paper we have considered systems with the same number m of inputs and outputs (square systems). However, the obtained relationship SFSP-UIO can be extended to the case in which the system has a greater number of outputs (p) than inputs (m). In order to do this, we can select m of the total number of outputs or find a smooth transformation T * : R p → R m such that the new output vector is defined as y * = T * (y). If with this square-down all the previous conditions are satisfied, then all the presented analysis will be valid for nonsquare systems. Another approach is the use of dissipativity instead of passivity as it is done in (Moreno, 2001) .
Remark 3. We have considered two different ways of rendering a system in normal form (strictly) passive: by state feedback and by output injection. If the growth condition (condition 1) is satisfied, then minimum phaseness is sufficient for both ways to be possible. In the linear time invariant case all conditions are equivalent, and necessary and sufficient (Fradkov and Hill, 1998; Jiang and Hill, 1998) . Note that condition (16) is just sufficient and eventually it can be further weakened.
CONCLUSIONS
The objective of this paper was to study the relationship between three system theoretic important concepts in the nonlinear case: the existence of unknown input observers, the possibility of rendering a system strictly passive by state feedback and by output injection. For linear time invariant systems it was shown in a previous paper that these three concepts are equivalent. The present work shows that equivalence is not given in the general case, but that, under some regularity assumptions, a strong relationship is given: State feedback strict passivity (SFSP) and output injections strict passivity (OISP) are equivalent, and that they are implied by the existence of an unknown input observer (UIO). The required assumptions 1, 2, and condition 1 imply that the system can be globally transformed to the normal form (3), and a growth condition is imposed on the nonlinearities of the system.
In the linear case equivalence is guaranteed, but in general it has been shown that the possibility of rendering the system passive is not enough to assure the (global) existence of an unknown input observer. For systems with a global normal form (3) this asymmetry is caused by the fact that minimum phaseness is implied by, but is not strong enough to assure it, condition (8), that is necessary for the existence of UIO. This is also related to the fact that in passivity a special trajectory, the equilibrium point, plays a fundamental role, whereas for UIO no trajectory has such a central role.
Although, for simplicity, the study has been restricted to the global case of square systems (the number of unknown inputs is equal to the number of outputs) with only unknown inputs, that enter linearly into the state equation, none of these assumptions is essential. One form to extend the results to the more general (nonsquare) case has been given, but this case has to be worked out in detail.
To the best of our knowledge this is the first time the relationship between these concepts has been studied. We feel that, despite of its intrinsic theoretical interest, this relationship will have important consequences in the design of UIO and control laws for nonlinear systems, since the strong results on passivity can be used for the design of robust observers and controllers for nonlinear systems.
